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Abstract. Local irregular vertex labeling is one of graph labeling type that can be used as a
tool for grifiicoloring. A mapping [ is called local irregular vertex labeling if there are: (i) a
mapping [: V(G) = {1,2,---,k} as vertex irregular k-labeling and a weight w: V(G) — N, for
every uv € E(G),w(u) # w(v)m/here w(v) = Zpenopl(e) 1 and (i) opt(l) =
min{max{l;}. Thus, the labeling [ induces a proper vertex coloring offl7 where the vertex v is
assigned the color w(v). The local irregular chromatic number of G, denoted by ;s (G the
minimum cardinality of the largest label over all such local irregular vertex labeling. In this
paper, we determine the local irregular chromatic number of a vertex shackle product of graphs.
The vertex shackle products of graphs, denoted by Shack (G, v, k), is the graph constructed
from k copies of connected graph G and v as the linkage vertex.

1. Introduction
A graph labeling is an assignment of integers to the vertices or edges, or both that first introduced in
1964, That is why labelling is one of interest topic in graph theory because until n@} there are some
kinds of graph labelling. Let G be a simple connected grapf finite and undirected graph with vertex
set ¥ and edge set E. A labeling in G is a mapping from the set of elements in a graph (vertices, edges,
or both) to a set of numbers (usually positive integers) [1]. There are many types of labelings that have
been studied such as magic and anti-magic labelling, distance irregular labelling, and many others [2].
A vertex coloring is an assignment of labels or colors to each vertex of a graph such that no ed
connects by two identically colored vertices. The most common type of vertex col@gg seeks to
minimize the number of colors for a given graph. A vertex coloring also called as the chromatic
number of a graph, it is the ifilhimum number of colors needed to produce a proper coloring of a graph
[3]. In formal definition, the chromatic number denoted by ¥ (G) is the smallest positive integer k such
that G is vertex k-colorable (and thus G has k-coloring) [4]. One of topic advance of chromatic
number is chromatic number local irregular which be introduced by Kristiana et al. [5] and written as
X1is(G). If G = (V,E) be a connected grap, then local irregularity vertex coloring of G is [: V(G) —
{1,2,--,k} and w: V(&) — N where w(u) = g\ jn vy {(¥) such that opt(l) = §n{max{l;} and
for every uv € E(G),w(u) # w(v). The result that have been found before about chromatic number
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local irregular are chromatic number local irregular of path, cycle, complete, bipartite, star, friendship,
and corona product graphs [6]. Figure 1 shows a graph with local chromatic number y;(G) = 3.

A shackle product graph is divided into two type. That is vertex shackle and edge shackle product
graphs. Both of them are formed from k copies of graph G. A vertex shackle product of graph,
denoted by Shack(G, v, k) is the graph constructed from k copies of connected graph & and v as the
linkage vertex. Whereas edge shackle products graphs is denoted by Shack(Gf) k) means that the
graph is constructed from any G graph of k copies and e as the linkage edge [7]. In this paper we show
the local irregular chromatic number of vertex shackle products of graphs. There are some definitions
and prepositions that are[@ed in this paper as presented below:

Definitiof 1. [1] / is called local irregularity vertex coloring if there is a function [:V(G) —
{1,2,---, k} as vertex irregular A-labeling, w: V(G) — N where w(u) = Eyc ygpyl(v) and

i.  opt(l) = min{max{l;}; l;, vertex irregularlabeling}
ii. Foreveryuv € E(G), w(u) = w(v). 1

Definition 2. [1] The minimum cardinality of local mregularity vertex labeling of G is called local
irregular chromatic number, written by ;s (GEE)

Preposition 1. [1] opt(l;) = 1 if §3h pair of two adjacent vertices in G have different degrees.
Preposition 2. [1] opt(l;) > 2 if two adjacent vertices in G have the same degree.

Lemma 1. [1] For every G be simple and connected graph, y;;s(G) = x(G)

Figure 1. Graph G with y;;,(G) = 3

2. Result

We begin this section with some observations regarding to the chromatic number and local irregularity
chromatic number of vertex shackle product of graphs such as path, cycle, star, complete and wheel
graph.

Observation 1. The chromatic number of vertex shackle products of path

Xiis(Shack (B, v,m)) = xiis(B)

This is due to the definition of vertex shackle graphs that the vertex shackle of k paths with » vertices
is also a path with kn vertices. Furthermore, Kristiana et al. [1] showed that

2formxn=23
Xus(Shack(Py, v,m)) = Jys(Py) = [3 formxn = 4,5, ...

Observation 2. If Shack(C,,, v, m) is the vertex shackle of m cycles C;, form = 2 and n = 3 then

2,for n even
;{(Shafk (Cn v.m)) - { 3 forrr;: O‘ZId

Observation 3. If Shack(S,,,v,m) is the vertex shackle of m stars §,, form = 2 and n = 3, then
x(Shack(S,,v,m)) =2

(5]
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Observation 4. If Shack (K, v,m) is the vertex shackle of m complete graphs K, for m = 2 and
n = 3, then y(Shack(K,,v,m)) =n.

Observation 5. If Shack(W,,, v, m) is the vertex shackle of m wheel W,, form = 2 and n = 3 then

3, for n even

x(Shack(Wy, v,m)) = {4. for 1 odd

We now ready to determine the gﬂﬂ.l irregularity chromatic number of vertex shackle of m cycles as
presented in the following theorem.

Theorem 1. If Shack (Cy, v, m) is the vertex shackle of m cycles C,, form = 2 and n = 3 then

3,for n even

xuis (Shack (Cy, v,m)) = [ 4,for n odd

Proof. Let C, be a cycle onn = 3 vertices and Shack(C,, v, m) be the vlitex shackle of m cycles C),
for m = 2. Then the vertex set of Shack(C,,v,m) is V(Shack(Cp,v,m)) ={q;;,1 < i< 0
1,1< j< m an.,} and the edge set of Shack(Cy, v,m) is E(Shack(Cy,v,m) = {ai‘jaiﬂjj. 1<
i<n—-11<j< m}U{an-1manm}

By Preposition 2 we have opt ({; (Shack(C,,, v, m)) = 2. To show the proof we can divide it into
two cases below.

Case 1. for n even.

The vertex shackle of cycles Shack(C,, v,m) has chromatic number y(Shack (C,, v, m)) = 2 forn
even and y(Shack(C, v,m))=3 for n odd. Based on Lemma 1 the lower bound is
Xiis (Shack(Cp, v,m)) = 3 = y((Shack(C,,v,m))) = 2. The upper bound shall be proved by

defining [: V(Shack (Ch» v,m)) — {1,2} using the following formula.

I( __)7{1,f0r1 <i<n-1io0dd
aij) = 2for2<i<=n-2ieven
J-r(an,m)::l

Therefore, opt(l) = 2 and the labeling gives vertex-weight as follows:

2,for2 < i< n-2ieven}
w(a_{i,j)} = 4,forl1 < i< n—1,iodd}
8,fori = 1 linkage vertex,j = 2,3, ...
W(an,m) =2

We conclude that |w(V (Shack(C_n,v,m)))| = 3. Based on Definition 1 the upper bound is
Xiis [Shack(Cn, v,m)) < 3. Hence, y;s(Shack(C,, v,m)) = 3 forn even.

Case 1. for n odd.
Based on Lemma 1 the lower bound is )(hs(Shack(C'n, v, m)) = 4> y(Shack(Cy,v,m)) = 3 for
n odd. The upper bound shall be proved by defining l:V(Shack(C'n,v,m)) — {1,2} using some
formula below.
l(a--):{l' fortl<i<n-2iodd
b 2, for2< i<n-—1,ieven
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J-r(an,m) =1

Therefore, opt(l) = 2 and the labeling gives vertex-weight as follows:

2, for2< i< n-—3,ieven
S_J4 forl1< i< n-2iodd
wiaij) =43 fori=n—11<j<m

6, for i = 1linkage vertex, j = 2,3, ...
w(apm) =3
Therefore |w(V(Shack(C, v,m)))| =4 . Based on Definition 1, the upper bound is
Xiis (Shack(Cy,v,m))) < 4. Hence, y;s(Shack(Cy,,v,m)) =4 for n odd. This case completes the
proof. O P
The following theorem presents the local irregularity chromatic number of vertex shackle of m stars
form = 2.

Theorem 2. If Shack(S,,v,m) is the vertex shackle of m star S, for m> 2 and n = 3 then
Xiis (Shack (S, v,m)) = 3

Proof. Let S, be a staronn = 3 vertices and Shack(S,,, v,m) be the vertex shackle of fj stars S, for
m = 2. Then the vertex set of Shack(S,,v,m) is V(Shack(sn,v,m)) = {ai‘j.bj; 1<i<n-—
L1< g mjU {apm} and the edge set of Shack(S,v,m) is E(Shack(Spv,m))=
{awbj; l1<i<n-—-11<j < m}U {a,mbm}. Based on Observation 3, vertex shackle of stars
Shack(S,,v,m) has y (Shack(S,,v,m))=2 and by Lemma 1, the lower bound is
Xiis (.S‘hack(Sn, v,m)) =2 = y(Shack(S,, v, m)) = 2. However, the lower bound cannot be reached.
The upper bound shall be proved by defining I V(Shack(sn, v, m)) — {1}. By using Proposition 1,
we know that opt(I;)(Shack(S,, v,m)) = 1 and the labeling gives vertex-weight as follows:

w(aj)=1forl<i<n-11<j<m
w(a;j) =2,fori=n,1< j < m— 1,a;; is linkage vertex

W(an,m) =1
w(bj)=n

Therefore |w(V(Shack(S,,v,m)))|=3 . By Definition 1 the upper bound is
xm([shack(sn.v.m)) < 3.Then it proven that xj;((Shack(S,,v,m))=3. 0O

The local irregularity chromatic number of vertex shackle of m complete graphs form = 2 is
presented in the following theorem.

Theorem 3. If Shack(K,,v, m) is the vertex shackle of m complete graphs K,, , for m = 2 and
n = 3,then ys(Shack(K,,v,m)) = n.

Proof. Let K;, be a complete graph onn > 3 vertices and Shack (K,,, v, m) be the vertex shafle of m
complete graphs K, for m = 2. Then the vertex set of Shack(K,, v,m) is V(Shack(Kn,v, m)) =
{au; 1<i<n-11<j<m}U{a,,} and the edge set of Shack(K,v,m) is
E(Shack(Kp,v,m)) = {aja;; 1< i< n—1,1< j < m}U {azjanm)} -
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The vertex shackle of m complete graphs Shack(K,,v, m) has y(Shack(K, v,m)) =n as
Observation 4. Based on Lemma 1, the lower bound is
;(M(Shack(f{n,v, m)) =n = y(Shack(K,,v,m)) =n. The lower bound cannot be reached. The
upper bound will be proved by defining I:V(Shack(.‘(n,v,j)) - {123 .. n 1< j< m}. By
Preposition 1, we can conclude that opt(l;)(Shack(K,, v,m)) = n and the labeling gives vertex-
weight as much as n different vertex weight. Therefore|w(V (Shack(K_n,v,m)))| = n. By Definition
1, the upper bound is Yy ((Shack(f(’n, v.nP) < n. Hence, y,((Shack(K, v,m))=n. O

Finally, we close this section with the local irregularity chromatic number of vertex shackle of m
wheels for m = 2 as shown below.

Theorem 4. If Shack (W, v, m) is the vertex shackle of m wheels for m = 2 and n = 3, then

4, for neven
Xus (Shack Wy, v,;m)) = [ ¢ forn odd

Proof. Let W, be a wheel onn = 3 rim vertices and Shack (W, v,m) be the vertex shackle of m
wheels W, for m>= 2. Then the vertex set of Shack(W,,v,m) is V(Shack(W, v,m)) =
{aijbpapm1<i<n—-11<j<m} and the edge set of Shack(W,v,m) is
E(Shack(Wy,v,m) = {a; jai11;,a;, b 1< i< n—11< j < m}U{@n-1manm} Y bm@nm }-
By Proposition 2, we have opt(l; (Shack(W,, v, m)) = 2. We divide the proof into two cases below.

Case 1: for n even.

The vertex shackle of wheels Shack(W;,, v, m) has chromatic number y(Shack(W,, v, m)) = 3 for
n even and y(Shack(W,,v,m)) =4 for n odd. Based on Lemma 1, the lower bound is
Xuis (Shack(Wy,, v, m)) = 4 = y((Shack(Wy, v,m))) = 3. The upper bound will be proved by
defining [: V(Shack (W, v, m)) — {1,2} using the following formula.

Iy ):{1.for1£ i<n—1iodd,1< j<m
LJ 2for2<isn-—-2ievenl<j<m
lapm) =1
I(bj)=1Lfor1<j<m

Therefore, opt(l) = 2 and the labeling gives vertex-weight as follows:

3, for2< i<n,jievenl<j<m
w(a_{i,j)} =45 forl<i<n-—1liodd,1<j<m
10, for i = 1 linkage vertex, j = 2,3, ...

n .
w(bj):5(1+2),15 j<m

We conclude that |w(V(Shack(W,, v,m)))| =4 . By Definition 1, the upper bound is
Xiis (Shack(W,, v,m))) < 4. It means yy.(Shack(W_n,v,m)) = 4 for n even.

Case 2: for n odd.

Based on Lemma 1 the lower bound is yy;s(Shack(Wy, v, m)) = 5 = x((Shack(Cp, v, m))) = 4
for n odd. Then the upper bound will be proved by defining [: V(Shm:‘k(Wn, v, m)) = {1,2} using the
following formula.
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@ _):{1.&,35 i<n-2i0dd1< j<m
L) 2for2<isn—1ljievenl<j<m
apm) =1
I(bj)=1for1<j<m

Therefore, opt(l) = 2 and the labeling gives vertex-weight as follows:

2, for2<i<n-—1ljievenl<j<m
w(a{i,))} = 4, forl<i<n-2io0dd1<j<m
HBDY=1 3, fori=miodd,1<j< m

10, for i = 1 linkage vertex,j = 2,3, ...
n—1
w(by) =— 1+ +12forl<i<n-11<j<m

We also can conclude that |w (V (Shack(W,, v,m)))| = 5. By Definition 1, the upper bound is
Xiis (Shack(W,, v,m))) <5 prove that yj.(Shack(Wy,, v,m)) =5 for n odd. Therefore, this case
completes the proof. Figure 2 shows the example of local irregular chromatic number of the vertex
shackle product of Wj.

Figure 2. Graph G with y;(Shack(W,,v,4)) = 4

3. Conclusion

We conclude this paper with an open problem regarding to the local irregular chromatic number of the
vertex shackle product of graphs as follows. Problem 1. For any connected graph G with n vertices,
find the local irregular chromatic number of vertex shackle and edge shackle product of k copies of
graph G.
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