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Preface 

 

The International Conference on Engineering and Applied Technology (ICEAT) was first 

launched in 2017 at Mataram hosted by Universitas Muhammdiyah Mataram. The second 

conference was in 2018 at Banda Aceh hosted by Universitas Muhammdiyah Aceh. The 

third ICEAT present is hosted by Faculty of Industrial Technology, Universitas 

Muhammadiyah Sorong, West Papua, Indonesia. The 3rd ICEAT is organized by Science 
and Technology Association of Muhammadiyah Higher Education (AST-PTM) as well as 
jointly with Universitas Ahmad Dahlan, Universitas Muhammadiyah Magelang, 
Universitas Muhammadiyah Malang, Universitas Muhammadiyah Surakarta, Universitas 
Muhammadiyah Purwokerto, Universitas Muhammadiyah Makassar, Universitas 
Muhammadiyah Gresik, Universitas Muhammadiyah Jakarta, Universitas 
Muhammadiyah Yogyakarta, Universitas Muhammadiyah Jember, Universitas 
Muhammadiyah Surabaya, Universitas Muhammadiyah Sidoarjo, Universitas 
Muhammadiyah Banjarmasin, and Universitas Muhammadiyah Prof Dr Hamka 

(UHAMKA). On behalf of the organizing committee, I cordially welcome to all the 

delegates of the 3rd ICEAT 2019. 

Being in the third event, the 3rd ICEAT 2019 is aimed at keeping abreast of the current 

development and innovation in the advanced of research area on Engineering and Applied 

Technology as well as providing an engage forum for participants to share knowledge 

and expertise in related issues. In this conference, submitted papers were limited in five 

conference tracks. The committee member blindly reviewed as well as provided the 

technical comments to all the submitted paper before ensuring that submitted paper is 

qualified. Finally we are accepting 52 papers to be presented in the conference. The 

accepting papers are covering the scope include: Electronics Engineering, Electrical 

Engineering, Informatics Engineering, Computer Engineering, Industrial Engineering, 

Mechanical Engineering, Civil Engineering, Architecture, Chemical Engineering, 

Applied Science, and Agrotechnology as well.    

 

Last but not least, I do hope through this conference will convey a good opportunity for 

sharing at the forefront of the field and an informal exchange of ideas, knowledge and 

friendship in a relaxing environment. Then, our academic and social atmosphere will 

become more active year to year. 

 

Warm Regards, 

General Chair  

Aster Rahayu, S.Si., M.Si., Ph.D 
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Abstract. Local irregular vertex labeling is one of graph labeling type that can be used as a 

tool for graph coloring. A mapping 𝑙 is called local irregular vertex labeling if there are: (i) a 

mapping 𝑙: 𝑉(𝐺) →  {1,2,⋯ , 𝑘} as vertex irregular k-labeling and a weight 𝑤: 𝑉(𝐺) → 𝑁, for 

every 𝑢𝑣 ∈ 𝐸(𝐺), 𝑤(𝑢) ≠  𝑤(𝑣)  where 𝑤(𝑣) = Σ{𝑢∈ 𝑁(𝑣)}𝑙(𝑢) ; and (ii) 𝑜𝑝𝑡(𝑙) =

𝑚𝑖𝑛{𝑚𝑎𝑥{𝑙𝑖}. Thus, the labeling 𝑙 induces a proper vertex coloring of G where the vertex v is 

assigned the color w(v). The local irregular chromatic number of G, denoted by 𝜒𝑙𝑖𝑠(𝐺) is the 

minimum cardinality of the largest label over all such local irregular vertex labeling. In this 

paper, we determine the local irregular chromatic number of a vertex shackle product of graphs. 

The vertex shackle products of graphs, denoted by 𝑆ℎ𝑎𝑐𝑘 (𝐺, 𝑣, 𝑘), is the graph  constructed 

from k copies of connected graph G and v as the linkage vertex. 

1.  Introduction 

A graph labeling is an assignment of integers to the vertices or edges, or both that first introduced in 

1964. That is why labelling is one of interest topic in graph theory because until now there are some 

kinds of graph labelling. Let 𝑮 be a simple connected graph, finite and undirected graph with vertex 

set 𝑽 and edge set 𝑬. A labeling in 𝑮 is a mapping from the set of elements in a graph (vertices, edges, 

or both) to a set of numbers (usually positive integers) [1]. There are many types of labelings that have 

been studied such as magic and anti-magic labelling, distance irregular labelling, and many others [2]. 

A vertex coloring is an assignment of labels or colors to each vertex of a graph such that no edge 

connects by two identically colored vertices. The most common type of vertex coloring seeks to 

minimize the number of colors for a given graph. A vertex coloring also called as the chromatic 

number of a graph, it is the minimum number of colors needed to produce a proper coloring of a graph 

[3]. In formal definition, the chromatic number denoted by 𝝌(𝑮) is the smallest positive integer 𝒌 such 

that 𝑮  is vertex k-colorable (and thus G has k-coloring) [4]. One of topic advance of chromatic 

number is chromatic number local irregular which be introduced by Kristiana et al. [5] and written as 

𝝌𝒍𝒊𝒔(𝑮). If 𝑮 = (𝑽, 𝑬) be a connected grap, then local irregularity vertex coloring of 𝑮 is 𝒍: 𝑽(𝑮) →
 {𝟏, 𝟐,⋯ , 𝒌} and 𝒘:𝑽(𝑮) → 𝑵 where 𝒘(𝒖) = 𝚺{𝒗\𝒊𝒏 𝑵(𝒖)}𝒍(𝒗) such that 𝒐𝒑𝒕(𝒍) = 𝒎𝒊𝒏{𝒎𝒂𝒙{𝒍𝒊} and 

for every 𝒖𝒗 ∈  𝑬(𝑮),𝒘(𝒖) ≠  𝒘(𝒗). The result that have been found before about chromatic number 
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local irregular are chromatic number local irregular of path, cycle, complete, bipartite, star, friendship, 

and corona product graphs [6]. Figure 1 shows a graph with local chromatic number 𝝌𝒍𝒊𝒔(𝑮) = 𝟑. 

A shackle product graph is divided into two type. That is vertex shackle and edge shackle product 

graphs. Both of them are formed from 𝒌 copies of graph 𝑮 . A vertex shackle product of graph, 

denoted by 𝑺𝒉𝒂𝒄𝒌(𝑮, 𝒗, 𝒌) is the graph constructed from 𝒌 copies of connected graph 𝑮 and 𝒗 as the 

linkage vertex. Whereas edge shackle products graphs is denoted by 𝑺𝒉𝒂𝒄𝒌(𝑮, 𝒆, 𝒌) means that the 

graph is constructed from any 𝑮 graph of 𝒌 copies and 𝒆 as the linkage edge [7]. In this paper we show 

the local irregular chromatic number of vertex shackle products of graphs. There are some definitions 

and prepositions that are used in this paper as presented below: 

Definition 1. [1] l is called local irregularity vertex coloring if there is a function 𝒍: 𝑽(𝑮) →
 {𝟏, 𝟐,⋯ , 𝒌} as vertex irregular k-labeling, 𝒘:𝑽(𝑮) →  𝑵 where 𝒘(𝒖) = 𝚺{𝒗∈ 𝑵(𝒖)}𝒍(𝒗) and 

i. 𝒐𝒑𝒕(𝒍) = 𝒎𝒊𝒏{𝒎𝒂𝒙{𝒍𝒊}; 𝒍𝒊, 𝐯𝐞𝐫𝐭𝐞𝐱 𝐢𝐫𝐫𝐞𝐠𝐮𝐥𝐚𝐫 𝐥𝐚𝐛𝐞𝐥𝐢𝐧𝐠} 
ii. For every 𝒖𝒗 ∈  𝑬(𝑮),𝒘(𝒖) ≠  𝒘(𝒗).  
Definition 2. [1] The minimum cardinality of local irregularity vertex labeling of G is called local 

irregular chromatic number, written by 𝝌𝒍𝒊𝒔(𝑮). 
Preposition 1. [1] 𝒐𝒑𝒕(𝒍𝒊) = 𝟏 if each pair of two adjacent vertices in G have different degrees. 

Preposition 2. [1] 𝒐𝒑𝒕(𝒍𝒊) ≥  𝟐 if two adjacent vertices in G have the same degree. 

Lemma 1. [1] For every G be simple and connected graph, 𝝌𝒍𝒊𝒔(𝑮) ≥ 𝝌(𝑮) 
 

 

 

 

 

 

 

 

Figure 1. Graph G with 𝜒𝑙𝑖𝑠(𝐺) = 3 

 

2.  Result 

We begin this section with some observations regarding to the chromatic number and local irregularity 

chromatic number of vertex shackle product of graphs such as path, cycle, star, complete and wheel 

graph. 

Observation 1. The chromatic number of vertex shackle products of path  

 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑃𝑛, 𝑣,𝑚)) = 𝜒𝑙𝑖𝑠(𝑃𝑛) 
 

This is due to the definition of vertex shackle graphs that the vertex shackle of k paths with n vertices 

is also a path with kn vertices. Furthermore, Kristiana et al. [1] showed that  

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑃𝑛, 𝑣,𝑚)) = 𝜒𝑙𝑖𝑠(𝑃𝑛) = {
2, for 𝑚 × 𝑛 = 2,3
3 for 𝑚 × 𝑛 ≥ 4,5,…

 

 

Observation 2. If 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣, 𝑚) is the vertex shackle of m cycles 𝐶𝑛 for 𝑚 ≥  2 and 𝑛 ≥ 3 then 

 

𝜒(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = {
2, for 𝑛 even
3, for 𝑛 odd

 

 

Observation 3. If 𝑆ℎ𝑎𝑐𝑘(𝑆𝑛 , 𝑣,𝑚) is the vertex shackle of m stars 𝑆𝑛  for 𝑚 ≥  2 and 𝑛 ≥ 3, then 

𝜒(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣, 𝑚)) = 2 
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Observation 4. If 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛 , 𝑣,𝑚) is the vertex shackle of 𝑚 complete graphs 𝐾𝑛  for 𝑚 ≥  2 and 

𝑛 ≥  3, then 𝜒(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛. 

 

Observation 5. If 𝑆ℎ𝑎𝑐𝑘(𝑊𝑛 , 𝑣, 𝑚) is the vertex shackle of m wheel 𝑊𝑛 for 𝑚 ≥  2 and 𝑛 ≥ 3 then 

 

𝜒(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = {
3, for 𝑛 even
4, for 𝑛 odd

 

 

We now ready to determine the local irregularity chromatic number of vertex shackle of m cycles as 

presented in the following theorem. 

 

Theorem 1. If 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚) is the vertex shackle of m cycles 𝐶𝑛 for 𝑚 ≥  2 and 𝑛 ≥ 3 then 

 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = {
3, for 𝑛 even
4, for 𝑛 odd

 

 

Proof. Let 𝐶𝑛 be a cycle on 𝑛 ≥ 3 vertices and 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚) be the vertex shackle of m cycles 𝐶𝑛 

for 𝑚 ≥ 2 . Then the vertex set of 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)  is 𝑉(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = {𝑎𝑖,𝑗, 1 ≤  𝑖 ≤  𝑛 −

1, 1 ≤  𝑗 ≤  𝑚, 𝑎𝑛,𝑚}  and the edge set of 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)  is 𝐸(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚) = {𝑎𝑖,𝑗𝑎𝑖+1,𝑗, 1 ≤

 𝑖 ≤  𝑛 − 1, 1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑛−1,𝑚𝑎𝑛,𝑚}.  
By Preposition 2 we have 𝑜𝑝𝑡(𝑙𝑖(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 2. To show the proof we can divide it into 

two cases below. 

Case 1: for n even. 

The vertex shackle of cycles 𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚) has chromatic number χ(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 2 for n 

even and 𝜒(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 3  for n odd. Based on Lemma 1 the lower bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 3 ≥ 𝜒((𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚))) = 2 . The upper bound shall be proved by 

defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) →  {1,2} using the following formula.  

 

𝑙(𝑎𝑖,𝑗) = {
1, for 1 ≤ 𝑖 ≤ 𝑛 − 1, 𝑖 odd
2, for 2 ≤ 𝑖 ≤ 𝑛 − 2, 𝑖 even

 

                                                        𝑙(𝑎𝑛,𝑚) = 1 

  

Therefore, 𝑜𝑝𝑡(𝑙) = 2 and the labeling gives vertex-weight as follows: 

 

𝑤(𝑎_{𝑖, 𝑗)} = {

2, for 2 ≤  𝑖 ≤  𝑛 − 2, 𝑖 even}

4, for 1 ≤  𝑖 ≤  𝑛 − 1, 𝑖 odd}
8, for 𝑖 = 1 linkage vertex, 𝑗 = 2,3, …

  

                                                𝑤(𝑎𝑛,𝑚) = 2 

 

We conclude that |𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝐶_𝑛, 𝑣,𝑚)))| = 3 . Based on 𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟏  the upper bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) ≤ 3. Hence, 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 3 for n even. 

 

Case 1: for n odd. 

Based on Lemma 1 the lower bound is 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 4 ≥ 𝜒(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 3 for 

n odd. The upper bound shall be proved by defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) →  {1,2}  using some 

formula below. 

𝑙(𝑎𝑖,𝑗) = {
1, for 1 ≤  𝑖 ≤ 𝑛 − 2, 𝑖 odd
2, for 2 ≤  𝑖 ≤ 𝑛 − 1, 𝑖 even
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                                        𝑙(𝑎𝑛,𝑚) = 1 

 

Therefore, 𝑜𝑝𝑡(𝑙) = 2 and the labeling gives vertex-weight as follows: 

 

𝑤(𝑎𝑖,𝑗) =

{
 

 
2,                 for 2 ≤  𝑖 ≤  𝑛 − 3, 𝑖 even

4,                    for 1 ≤  𝑖 ≤  𝑛 − 2, 𝑖 odd
3,                    for 𝑖 = 𝑛 − 1,1 ≤ 𝑗 ≤  𝑚

6, for 𝑖 = 1 linkage vertex, 𝑗 = 2,3,…

  

                                  𝑤(𝑎𝑛,𝑚) = 3 

 

Therefore |𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)))| = 4 . Based on Definition 1, the upper bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚))) ≤ 4. Hence, 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚)) = 4 for n odd. This case completes the 

proof.      

The following theorem presents the local irregularity chromatic number of vertex shackle of m stars 

for 𝑚 ≥  2. 

  

Theorem 2. If 𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)  is the vertex shackle of m star 𝑆𝑛  for 𝑚 ≥  2  and 𝑛 ≥ 3  then 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = 3 

 

Proof. Let 𝑆𝑛 be a star on 𝑛 ≥  3 vertices and 𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚) be the vertex shackle of m stars 𝑆𝑛 for 

𝑚 ≥  2 . Then the vertex set of 𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)  is 𝑉(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = {𝑎𝑖,𝑗, 𝑏𝑗;  1 ≤  𝑖 ≤  𝑛 −

1, 1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑛,𝑚}  and the edge set of 𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)  is 𝐸(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) =

{𝑎𝑖,𝑗𝑏𝑗;  1 ≤  𝑖 ≤  𝑛 − 1, 1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑛,𝑚𝑏𝑚}. Based on Observation 3, vertex shackle of stars 

𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)  has 𝜒 (𝑆ℎ𝑎𝑐𝑘(𝑆𝑛 , 𝑣,𝑚)) = 2  and by Lemma 1, the lower bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = 2 ≥ 𝜒(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = 2. However, the lower bound cannot be reached. 

The upper bound shall be proved by defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) → {1}. By using Proposition 1, 

we know that 𝑜𝑝𝑡(𝑙𝑖)(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = 1 and the labeling gives vertex-weight as follows: 

 

                           𝑤(𝑎𝑖,𝑗) = 1, for 1 ≤  𝑖 ≤  𝑛 − 1, 1 ≤  𝑗 ≤  𝑚 

𝑤(𝑎𝑖,𝑗) = 2, for 𝑖 = 𝑛, 1 ≤  𝑗 ≤  𝑚 − 1, 𝑎𝑖,𝑗 is linkage vertex 

                          𝑤(𝑎𝑛,𝑚) = 1 

                               𝑤(𝑏𝑗) = 𝑛 

 

Therefore |𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)))| = 3 . By Definition 1 the upper bound is 

𝜒𝑙𝑖𝑠((𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) ≤  3. Then it proven that  𝜒𝑙𝑖𝑠((𝑆ℎ𝑎𝑐𝑘(𝑆𝑛, 𝑣,𝑚)) = 3.      

 

 

The local irregularity chromatic number of vertex shackle of m complete graphs for 𝑚 ≥  2 is 

presented in the following theorem. 

 

Theorem 3. If 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚) is the vertex shackle of m complete graphs 𝐾𝑛  , for 𝑚 ≥  2  and 

𝑛 ≥   3, then 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛. 

 

Proof. Let 𝐾𝑛 be a complete graph on 𝑛 ≥  3 vertices and 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚) be the vertex shackle of m 

complete graphs 𝐾𝑛  for 𝑚 ≥  2. Then the vertex set of 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚) is 𝑉(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) =

{𝑎𝑖,𝑗;  1 ≤  𝑖 ≤  𝑛 − 1, 1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑛,𝑚 } and the edge set of 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)  is  

𝐸(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣, 𝑚)) = {𝑎𝑖,𝑗𝑎𝑖,𝑗;  1 ≤  𝑖 ≤  𝑛 − 1, 1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑖,𝑗𝑎𝑛,𝑚} .  
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The vertex shackle of m complete graphs 𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣, 𝑚)  has 𝜒(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛  as 

Observation 4. Based on Lemma 1, the lower bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛 ≥ 𝜒(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛 . The lower bound cannot be reached. The 

upper bound will be proved by defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛 , 𝑣, 𝑗)) →  {1,2,3,…  𝑛;  1 ≤  𝑗 ≤  𝑚} . By 

Preposition 1, we can conclude that 𝑜𝑝𝑡(𝑙𝑖)(𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) = 𝑛 and the labeling gives vertex-

weight as much as n different vertex weight. Therefore|𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝐾_𝑛, 𝑣, 𝑚)))| = 𝑛. By Definition 

1, the upper bound is 𝜒𝑙𝑖𝑠((𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣,𝑚)) ≤  𝑛. Hence, 𝜒𝑙𝑖𝑠((𝑆ℎ𝑎𝑐𝑘(𝐾𝑛, 𝑣, 𝑚)) = 𝑛.     

Finally, we close this section with the local irregularity chromatic number of vertex shackle of m 

wheels for 𝑚 ≥ 2 as shown below. 

 

Theorem 4. If 𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚) is the vertex shackle of m wheels for 𝑚 ≥  2 and 𝑛 ≥  3, then  

  

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = {
4,   for 𝑛 even
5,   for 𝑛 odd

 

 

Proof. Let 𝑊𝑛  be a wheel on 𝑛 ≥ 3 rim vertices and 𝑆ℎ𝑎𝑐𝑘 (𝑊𝑛, 𝑣,𝑚) be the vertex shackle of m 

wheels 𝑊𝑛   for 𝑚 ≥  2 . Then the vertex set of 𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)  is 𝑉(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) =
{𝑎𝑖,𝑗, 𝑏𝑗, 𝑎𝑛,𝑚, 1 ≤  𝑖 ≤  𝑛 − 1,1 ≤  𝑗 ≤  𝑚}  and the edge set of 𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚) is 

𝐸(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚) = {𝑎𝑖,𝑗𝑎𝑖+1,𝑗, 𝑎𝑖,𝑗, 𝑏𝑗: 1 ≤  𝑖 ≤  𝑛 − 1,1 ≤  𝑗 ≤  𝑚} ∪ {𝑎𝑛−1,𝑚𝑎𝑛,𝑚} ∪  𝑏𝑚𝑎𝑛,𝑚 }. 

By Proposition 2, we have 𝑜𝑝𝑡(𝑙𝑖(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣, 𝑚)) = 2. We divide the proof into two cases below. 

 

Case 1: for n even. 

The vertex shackle of wheels 𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚) has chromatic number 𝜒(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = 3 for 

n even and 𝜒(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = 4  for n odd. Based on Lemma 1, the lower bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = 4 ≥ 𝜒((𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚))) = 3 . The upper bound will be proved by 

defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) →  {1,2} using the following formula. 

 

𝑙(𝑎𝑖,𝑗) = {
1, for 1 ≤  𝑖 ≤ 𝑛 − 1, 𝑖 odd, 1 ≤  𝑗 ≤  𝑚
2, for 2 ≤  𝑖 ≤ 𝑛 − 2, 𝑖 even, 1 ≤  𝑗 ≤  𝑚

 

                                            𝑙(𝑎𝑛,𝑚) = 1 

                                                 𝑙(𝑏𝑗) = 1, for 1 ≤  𝑗 ≤  𝑚 

 

Therefore, 𝑜𝑝𝑡(𝑙) = 2 and the labeling gives vertex-weight as follows: 

 

𝑤(𝑎_{𝑖, 𝑗)} = {

3,        for 2 ≤  𝑖 ≤ 𝑛, 𝑖 even, 1 ≤ 𝑗 ≤ 𝑚

5, for 1 ≤  𝑖 ≤ 𝑛 − 1, 𝑖 odd, 1 ≤ 𝑗 ≤ 𝑚
10, for 𝑖 = 1 linkage vertex, 𝑗 = 2,3,…

  

                                                  𝑤(𝑏𝑗) =
𝑛

2
(1 + 2), 1 ≤  𝑗 ≤  𝑚 

 

We conclude that |𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣, 𝑚)))| = 4 . By Definition 1, the upper bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚))) ≤ 4.  It means 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊_𝑛, 𝑣,𝑚)) = 4 for n even. 

 

Case 2: for n odd. 

Based on Lemma 1 the lower bound is 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛 , 𝑣,𝑚)) = 5 ≥ 𝜒((𝑆ℎ𝑎𝑐𝑘(𝐶𝑛, 𝑣,𝑚))) = 4 

for n odd. Then the upper bound will be proved by defining 𝑙: 𝑉(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) →  {1,2} using the 

following formula. 
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𝑙(𝑎𝑖,𝑗) = {
1, for 1 ≤  𝑖 ≤ 𝑛 − 2, 𝑖 odd, 1 ≤  𝑗 ≤ 𝑚
2, for 2 ≤  𝑖 ≤ 𝑛 − 1, 𝑖 even, 1 ≤  𝑗 ≤ 𝑚

 

                                            𝑙(𝑎𝑛,𝑚) = 1 

                                                 𝑙(𝑏𝑗) = 1, for 1 ≤  𝑗 ≤  𝑚 

 

Therefore, 𝑜𝑝𝑡(𝑙) = 2 and the labeling gives vertex-weight as follows: 

 

𝑤(𝑎_{𝑖, 𝑗)} = {

2,   for 2 ≤  𝑖 ≤  𝑛 − 1, 𝑖 even, 1 ≤ 𝑗 ≤  𝑚
4,      for 1 ≤  𝑖 ≤  𝑛 − 2, 𝑖 odd, 1 ≤ 𝑗 ≤  𝑚
3,                       for 𝑖 =  𝑛, 𝑖 odd, 1 ≤ 𝑗 ≤  𝑚
10, for 𝑖 = 1 linkage vertex, 𝑗 = 2,3,…

  

                                                  𝑤(𝑏𝑗) =
𝑛 − 1

2
(1 + 2) + 12, for 1 ≤  𝑖 ≤  𝑛 − 1,1 ≤  𝑗 ≤  𝑚 

 

We also can conclude that |𝑤(𝑉(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)))| = 5. By Definition 1, the upper bound is 

𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚))) ≤ 5  prove that 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊𝑛, 𝑣,𝑚)) = 5  for n odd. Therefore, this case 

completes the proof. Figure 2 shows the example of local irregular chromatic number of the vertex 

shackle product of 𝑊4. 

 
Figure 2. Graph G with 𝜒𝑙𝑖𝑠(𝑆ℎ𝑎𝑐𝑘(𝑊4, 𝑣, 4)) = 4 

 
3. Conclusion 

We conclude this paper with an open problem regarding to the local irregular chromatic number of the 

vertex shackle product of graphs as follows. Problem 1. For any connected graph G with n vertices, 

find the local irregular chromatic number of vertex shackle and edge shackle product of k copies of 

graph G. 
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