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Abstract. Dominant local metric dimension is consist of two interesting topic in graph theory,
they are dominating and metric dimension which be expan@ as local metric dimension. A graph
G is said having dominant local metric dimension if G be a connected graph and there is an
ordered subset W, = {w,, w,, ..., w, } € V() where W, is aical resolving set as well as a
dominating set of G. Mnimum cardinality of dominant local resolving set of G is called the
dominant local basis of G. Then, cardinality of the dominant locdBbasis of G is called the dominant
local metric dimension of G which denoted by Ddim;(G). In this paper, we determine the
dominant local metric dimension of wheel related graphs. That are Wheel, Jahangir, Friendship
and Helm graph. Furthermore, we characterize the dominant local metric dimension of those
graphs.

Introduction

Graph theory is a branch of discrete mathematics that can be used to solve a problem which can be
represented as vertices and edges. Since it was first introduced in 1736 until now, graph theory has led
to various new concepts that are always interesting to be researched. such as dominating set and metric
dimension. The concept of dominating set developed since the beginning of 1850 [1], this theory
studies the existence of a vertex set on a graph that causes every other vertex on the graph to be
adjacent to at least one element in the vertex set which be studied and it called the dominating set. The
cardinality of the dominating set is called the dominating number. The concept of basis and metric
dimensions on a graph was first proposed in ref [2]. A basis on a graph is defined as a vertex set with
minimum cardinality which results in each vertex on the graph having a different representation to the
basis. Representations are presented using the concept of distance (metric) and the cardinality of basis
is called the metric dimension of the graph. The development of the metric dimension concept
includes the concept of the strong metric dimension [3], the local metric dimension [4], and
dimensions local neighbourliness metric [5]. An application of the metric dimension theory in real life
is determine the placement of fire sensors in a building which be written in ret [6].

Based on the explanation above, both the concepts of metric dimensions and dominating set on a
graph have the same opportunity to be developed together. Some researchers who have developed this
concept include Brigham et al. (2003) who introduced the term resolving domination number, which is
a combination of the concept of metric dimensions and dominating set [7]. Next, Henning and
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Oellarmann (2004) who developed the same definition but with different term, namely the metric
location domination number [8]. A new research in this topic was introduced in ref [9]. which
determined the dominant metric dimension of some well-known graphs. Then, author combined the
concept of the local metric dimension with the concept of dominating set which called the dominant
local metric dimension. The concept of the dominant local metric dimension examines the vertex set
on a graph which is a minimum local resolving set also as the dominating set of a graph. The results
that have been obtained are some characteristics of dominant local metric dimension and its value in
special graphs such as path, cycle, complete and bipartite graph [10]. Because the concept is still
needed to developed, so this paper will determine the dominant local metric dimension of wheel
related graphs. Specific graphs involved in this study include Wheel, Jahangir, Friendship and Helm
graphs which described at the following definition below.

Definition 1. [11] Wheel graph W,,,, is a graph that contains an n-cycle and one additional central
vertex that is adjacent to all vertices of the cycle. Wheel graph W, ., has (n 4+ 1)-vertices and 2n-
edges.

Definition 2. [11] Jahangir graph J3, is a graph with two vertex added between each pair adjacent
graph vertices of the outer cycle. The Jahangir graph /3, has (3n + 1)-vertices and 4n-edges.

Definition 3. [12] Friendship graph F, for n = 2 is a graph constructed by joining n copies of the cycle
graph C3 with a common vertex. This graph has (2n 4+ 1)-vertices and 3n-edges.

Definition 4. [ 13] Helm graph H,, is the graph obtained from an n-wheel graph by adjoining a pendant
edge at each vertex of the cycle. The helm graph H,, has (2n + 1)-vertices and 3n-edges.

Dominating number of wheel related graphs are given in Table 1.

Table 1. Dominating Number of Wheel Related Graphs [15]-[18]

Graph Notation Dominating Number
Wheel Wh i1 Y(Wpi1) =1,n =3
Jahangir Jan }’U3,n) =nn=2
Friendship E, y(E)=nnz=2
Helm H, y(Hy)=n=2

The following definition and lemma are used to analyse the dominant local metric dimension of
wheel related graphs. Some Lemma provides the property of local resolving set of a graph.

Definition 5. [10] Given a connected graph G. An ordered set W; = {wy,w,, ..., w,,} € V(G) is called
a dominant local resolving set if W) is local resolving set and dominating set of . Dominant
local resolving set with minimum cardinality is called dominant local basis. Number of vertex in
dominant local basis of G is called dominant local metric dimension and denoted by Ddim, ().

Lemma 6. [10] Let G be a connected graph and § € V(). Every set S containing local resolving set is
local resolving set.

Lemma 7. [10] Let G be a connected graph and W; € V(G). For every v;,v; € W; then r(v;|W,;) #
([ wy).

Lemma 8. [10] Let & be a connected graph. then
max{y(G),dim;(6)} < Ddinmy(G) < min{y(G) + dim,(G), |V(G)| — 1}.
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Theorem 9. [14] Let F, be a friendship graph, then for n = 2 dim;(F,) = n.
2. Methodology

This topic consist of some method or prosedure to get the dominant local metric dimension of some
graphs related to wheel.
1. Study the definion of dominant local metric dimension.
2. Study some characteristic of dominant local metric dimension.
3. Determine vertex and edge set of the graphs (Wheel, Jahangir, Frienship and Helm graphs).
4. Observe the number of dominating set and local metric dimension of the graphs by this
procedure:
a. Determine the local resolving set of the graphs
b. Calculating the distance of each vertex with a predetermined, such that
every two different vertices adjacent to each other on the graphs has a different
representation to the local resolving set.
c. Determine the local metric dimension and the general pattern of local metric dimensions on
the graph.
d. Determine the dominating set and dominating number.
e. Compare between the dominating number and local metric dimension
5. Determine the dominant local metric dimension and make proofs by compiling the terms and
theorems based on the results obtained.

3. Result and Discussion
This section present the dominant local metric dEhension of Wheel, Jahangir, Friendship and Helm
graphs. We start by giving a property to show the dominant local metric dimension of wheel graph.
Lemma 10. Let Wy, 41 be a wheel graph of order n = 6, the edge set is E(Wy41) = {uv;|1 <i <
njU{vivip4|1 <i <n—1} U {v,v}, then W, = {vy,v,]} is local resolving set of W, 4.
Proof. Let V(W,41) ={u, |1 <i<n} and EW,1) = {uy|l <i < njU{vjypq|l <isn—
1} U {vp, vy} withn = 6. Let W) = {vy,v,}, forevery v; € V(W) withi = 1,2, 3, ..., n, then:

d(u,v) =1
d(u,vﬂ =1
0 ; i=1
d(v;, vy) = [1 ; i=2n
2 ; i=3,.,n—1
0 ; i=4
d(v,v,) = [1 ; i=35
2 ; i=67,..,n172

Based on the description above, for any two adjacent vertices have different representation. Hence,
W is local resolving set of Wy, ,, for n = 6. We can say that if W,,,, is a wheel with the ordern = 6
and E(Wp,,) = {uyy|1 <i < njU{vjvi4q|l €i<n—1}U {v,v}, then W, = {v,,v,} is a local
resolving set of W, ;.M

Theorem 11. Let W41 n > 6, then Ddim, (Wyy) = E]

Proof. Let W, be a wheel graph with order n = 6, the vertex set of wheel consist of a center
vertex and an outer cycle with order n, every vertex in cycle adjacent with a center vertex. Let the
vertex set is VIWhs1) = vl <i <n} and the edge set is
E(Wpi1) = {uy|1 < i < n}U{vivisq|1 <i <n— 1} U {v,v,}, then there exist three possibilities of
n.
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1. Ifn=0(mod 3),choose W, = {vy,v,, V7, V10, ., V3i—32, ., Un—z | then |[W;| = E]
2. Ifn=1(mod 3),choose W, = {v;,vy, V7, V19, -, Vai—z, ., Uy} then [W)| = E]
3. Ifn= 2 (mod 3), choose W, = [vl,v4, v, Vig, ...,v3i_21,...,vn_1}then Wyl = E]

Because {v;,v,} € W), by Lemma 10, W, is local resolving set of W,,,;. Next, because
E(Wyiq) = {uv|1 < i < n}U{v;v44]1 <i <n—1} U {v,v,}, we can see that u adjacent to every
vertex of W, and vg;_; adjacent to v3;_; and v3; adjacent to v3(;41)—2, then W} is dominating set of
W, +1. Hence, W, is dominant local resolving set of W, ;1. Next, we will show that W} is a dominant
local resolving set with minimum cardinality. Choose any S C V (W, ) with |S| = |W;| — 1, then
there exist two possibilities:

a. UES

If u € S, there exist v;, v, with d(v;,v,) > 3 in cycle such that v;, Vjrq, Viga, ) Vi1, Vi &
S. Therefore r(v;41|5) = r(vi42]5) = (2,2, ...,2,1), where v;;1Vj32 € E(W,,1). Hence, S is
not local resolving set of W,,,.; graph.

b. ugs

If u & S there exist v, v}, € S such that d (v;, 7)) = 2 in cycle. Therefore, S is not dominating
set of W41 graph.

Based on the two possibilities in point a and b, this is contlay with the definition of dominant local

: s . s ny . s s .
metric dimension. Therefore, it is proven that |W,;| = [;] is a dominant local resolving set with

minimum cardinality. Thus, for n = 6 Ddimy (W, 1) = E] .m

We now ready to determine the dominant lol metric dimension of Jahangir graph. At the first, we
show the local resolving set of the graph which is presented in the following Lemma.

Lemma 12. Let /3, be a Jahangir graph of order 3n + 1,n = 2. The edge set is UB,n) ={ur;l<i<
n JU{vx, X Xip, ;1 < L S ndU{xipv44;1 <0 <n—1}U{x,,v,}, then W, ={v, v} is local
resolving set of /3.

Proof. Let VUB,n) = {u, v, X1, %z;1 <i <n} and EUB,n) ={uv; 1 <i<n JU{vixg,xpxz,51<
i < Uil <i<n— 13U{x,,1v} with n = 2. Put W, = {vy,v,}, for every u,v;, x;y,x;; €
V(J3n) with i =1,2,3, ..., n, then:

d(u,v) =1
duyvy)=1
0 i=1
d(v"'vl)f{Z ;o 2<i<n
_ (0 ; =2
d("’f"”z)_{z . i=34,..,n—1n1
1 ; i=1
d(xy,vy) = [2 ; [=n
3 ; 2<i=n-1
1 i=2
d(x('l,vz) = [2 H i=1
3 ; 3<isn
1 ; i=n
d(xiz,vy) = [2 ; i=1
3 ; 2<i=n-1
1 i=1
d(x('z,vz) = [2 H i=2
3 ; 3<i=n
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Based on the description above, for any two adjacent vertices have different representation. Hence,
W, is local resolving set of J3,, for n = 2. We can say that if /3, is a Jahangir with the order 3n + 1
for n = 2 and the edge set is (j3‘n) ={:: 1 <i<n U{vxgxxp:1 <i<njU{xpria;l<
i <n—1}U{xyav1}. then W) = {vy, v,} is a local resolving set of /3,,.m

Theorem 13. Let n = 2, then Ddim,(J3,) = Y(3n)-

Proof. Let V(j3jn) ={u,v,%, X1 < <n} and E(j3jn) ={uv;1 <i <njU{vixy, xpXp;1 <
i< pU{xpviq;l <i<n— QU{x,om}. Put W, vy, v, .., 15} then |[W)|=n. Because
{v1,v2} € W, based on the Lemma 12, we get that W is a local resolving set of [3,. Next, because
UB,n) =fuv; 1l <i<n WU{vixgxpxipo 1 <iS<njUxprn 1l <i<n—13U{xpv}, we can
sec that u is adjacent to v;, v; adjacent t@;; for 1 < i <nand v;y, adjacentto x;; for1 <i <n-—
1. Hence, W), is a dominating set of |3, and W is ad«au’nant local resolving set of /5 ,,. Based on the
Table 1, }’(fa,n) = n, then it can be conclude that W, is a dominant local resolving set with minimum
cardinality and Ddim;(J3,) = y(J3,).-n= 2. m

The following theorem presents the dominant local metric dimension of a Friendship graph of order
Zn+1lforn=2

Lemma 14. Let E, be a Friendship graph of order 2n+ 1,n = 2. The edge set is E(F,) =
{uv;, ux;, v;x;; 1 < i < n}, then Wy, = {vy, v, } is local resolving set of F,.
Proof. Let V(E,) = {u,v,x;1 <i<n} and E(F,) = {uv;, ux;,vix;; 1 < i <n} with n> 2. Put
W,; = {vy, v,}. then for every u,v;, x; € V(F,) withi = 1,2,3, ..., n, then:

d(u,vl}:].
d(u,v,) =1
0 i=1
d(”*"vl):{z , 2<i<n
0 ; i=2
d(”"'vz)_{z s i=34,..,n—1n1

1 i=1
d(x"'vl):{z L i=23,..,n

1 i=2
d(x""’z)_{z . i=34,..,n—1,n1

Based on the description above, for any two adjacent vertices have different representation. Hence,
W, is local resolving set of F, forn = 2. We can say that if F, is a Friendship with the order 2n + 1
forn = Z and E (F,) = {uv;, ux;, v;x;; 1 <i < n}, then Wy = {vy,v,} is a local resolving set of F,.m

Theorem 15. Let n = 2, then Ddim,; (F,) = dim,(£,).

Proof. Let V(F,) = {u,vy,x;1<i<n} and E(F,) = {uv,ux;,vx;1<i<n}. fg@ W, =
{vy,v4, ..., vy} then |W)| = n. Because {v;,v,} € W, based on Lemma 14, we get that W, is a local
resolving set of F,;. Next, because E(F,) = {uv;, ux;, v;x;; 1§ i < n} we can see that v; is adjacent
to x; and u. Hence, W, is a dominating set of F, and W) is a dominant local resolving set of F,.
Based on Theorem 9, dim,(F,) = n, then it can be conclude that W, is a dominant local resolving set
with minimum cardinality and Ddim,(F,) = dim;(E),n=>2. =

Theorem 16. Let n = 3, then Ddim,; (H,) = y(Hy,).
Proof. Let V(H,) ={uv,x;1<i<n} and EH,)={urgl<isnjUvx;l<i<
nU{v;vip1;1 < i <n—1}U{v,v,}. Based on the Table 1, we have y(H,) =n. Let |W)| =n,
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choose W) = {v;;1 < i < n}. We can see that d(v;, u) = d(v;, x;) = 1, then W, is dominating set of

H,,. Without loss of generality, representation of each vertex to W, can be written as follows.

a. Representation of vertex u to W is r(uIW[) =(111,..,1).

b. Representation of vertex v; to W: r(vllwl) =(0,1,1,...,1), r(772|W;) =(1,01,...1), ...
r(v,lw,) = (1,1,1,...,0).

c. Representation of vertex x; to W r(ullwl) =(1,2,3,3,....3.2), T'(u2|W;) =(2,1,23,...3.3).
r(uslw,) = (32,123 ..,3), .., r(u W) = (2,3,..,32,1).

Representation of each vertex to W, is different and W, is dominating set, hence W, is dominant
local resolving set of H,,. Because on the Table 1 we know that dominating number of Helm graph is
(H,) =n , then W, =n is local resolving set with minimum cardinality. So, it is proven that
DdlmI(Hn) = }'(Hn) u

4. Conclusion

Because this topic still new and needed to expand, so we conclude this paper by giving an open
problem: determine the dominant metric dimension of some product graphs such as join, corona, or
comb product of graphs.
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